
Space-time deterministic graph
rewriting

P. Arrighi, M. Costes, G. Dowek and L. Maignan
CNRS,LMF

Université Paris-Saclay

ÉNS Paris-Saclay

January 30, 2025



Introduction

• Dynamical systems usually

assume a global clock . . .

• . . . whereas in rewriting systems

each element can be updated

asynchronously.
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Cellular automata

• Space : grid of dimension d–i.e. Zd.

Example : d = 1.

• Internal states: finite alphabet Σ.

Example : Σ = {0, 1}2.

• Configuration : function c : Zd → Σ.

Example : 1 7→ (0, 1), 7 7→ (1, 0).
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• Local rule : function f : ΣN → Σ.

• Cellular automata : function A : ΣZd → ΣZd
which applies the local rule

simultaneously everywhere.
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Global clock versus rewriting

Dynamical systems assume a global

clocks. . .

. . . whereas rewriting systems can apply

the local rule more freely.
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Rewriting and consistency

However we might end up with

inconsistencies.
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Definition

• Space : graph of "dimension" 1 (two ports).

• Internal states: finite alphabet Σ = {0, 1}2.
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Definition

• Internal states: finite alphabet

Σ = {0, 1}2 ∪ {r, g}.

• Local rule : the evolution of a red vertex

creates an anomaly.
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Radius one half CA
Radius one half cellular automata are universal (see [IBAR87]).

σ1
1

σ0
0 σ0

1

f

The local rule f of a radius one half CA
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Causal structure
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Simulating 1D-CA

The dynamic of this synchronous CA . . .
. . . can be simulated by this rewriting system.
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A first definition . . .

Gv = Hv.
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. . . dismissed by the example

Gv = Hv.

H

v

w

u

: a′: b′

Here σH(v) = (0, 1) . . .

H′

v

w

u

: a

: b′

. . . there σH′(v) = (0, 0).
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Consistency

π.EG(v) = π.EH(v) =⇒ Gv = Hv.
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Main result

How can we ensure consistency ?
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Main result

How can we ensure consistency ?

Theorem 1
Any commutative, private and port-decreasing local

rule generates a consistent space-time diagram.
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Framework

A configuration G. A local rule A(−).
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Framework

A configuration AwG. A local rule A(−).
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H1 : Commutation

AuAv(G) = AuAv(G)
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H2 : Privacy
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H3 : Port-decreasing

π.EG(v) > π.EAuG(v)
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Summary

Our model is :

• Based on graph rewriting, . . .

• . . . able to simulate any synchronous cellular automata . . .

• . . . and to encode some intrinsically non synchronous example.
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Future work

Reversibility

∃A−1
(−), A−1

x AxG = AxA−1
x G = G
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